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Helicity modulus in one-dimensional (1D) and anisotropic two-dimensional (2D) classical XY models is
calculated. In finite-size 1D lattice, it is unity at absolute zero and rapidly vanishes as temperature increases
due to proliferating phase slippage. Similarly, in anisotropic 2D lattice with large aspect ratio, helicity modulus
in the direction of the longer side diminishes at a temperature much smaller than Kosterlitz-Thouless transition
temperature Tr. This finding is in contrast to the recent observation of finite superfluid density below T in
“*He films adsorbed on 1D nanopores. We argue that the superfluid density observed in the experiment is not
affected by phase slippage and that is the reason why finite superfluid density was observed. Furthermore, we
discuss the observability of genuine 1D behavior of superfluid density in 1D nanopores.
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I. INTRODUCTION

Bulk liquid “He exhibits a second-order phase transition
into a superfluid state at the critical temperature 7T=T)\
=2.18 K. The transition is accompanied by a sharp peak in
specific heat at T=T). The nature of the phase transition in
lower dimensions depends upon the dimensionality of the
system. In two dimensions (2D), superfluid long-range order
is destroyed by thermal fluctuations at finite temperatures.'-2
However, finite superfluid density p, at finite temperatures
was observed in *He films with a torsional oscillator.> This
behavior was successfully explained with the Kosterlitz-
Thouless (KT) theory.*® Below the KT transition tempera-
ture Tk, the system has quasi-long-range order and finite p;.
In one dimension (ID), no long-range order exists either at
finite temperatures, but no experimental study had been
made so far on strictly 1D liquid “He.

Recently, Tkegami et al.” and Toda et al.' succeeded in
studying superfluid behavior of “He films adsorbed on sur-
faces of nanopores using a torsional oscillator. Toda et al.'’
observed a superfluid transition similar to the bulk one in a
*He film adsorbed in nanopores that are three-dimensionally
interconnected. The superfluid density p, continuously be-
comes finite below the temperature 7, where a peak in spe-
cific heat is observed.!” They also studied *He films ad-
sorbed in 1D nanopores.”!? The pores consist of straight and
long channels (the average length is 300 nm). The diameter
of pores a is systematically controlled and they studied cases
with a=1.5-4.7 nm.>! Adsorbed “He atoms can migrate
from one channel to another only through edges. The effect
of the migration must be very limited, and one can regard the
nanopores as almost independent quasi-1D pores. They ob-
served a weak peak in specific heat at 7=T,, but no sign of
superfluid was found just below T,.. What is puzzling is that
they observed a rapid change in the frequency of the tor-
sional oscillator at T(<T,). This finding implies finite p; at
finite temperatures in 1D, which seems difficult to reconcile
with the conventional wisdom that there is no phase transi-
tion at a finite temperature in 1D.!?

Moreover, the onset temperature 7, was found to be close
to Txr, which can be estimated by areal density of *He at-

L 10

1098-0121/2009/79(1)/014501(6)

014501-1

PACS number(s): 67.25.dr, 67.25.de, 67.25.dg

oms. The questions are then (1) why they were able to ob-
serve finite superfluid density in (quasi-)1D “He systems at
finite temperatures and (2) why the onset temperature is
close to Tkr, which is a quantity relevant in 2D.

In this study, we argue that the observed superfluid behav-
ior can be naturally explained once the precise meaning of
the superfluid density measured with a torsional oscillator is
clarified. To do so, we first make it clear how (or why) su-
perfluid density vanishes at a finite temperature in 1D. This
is very helpful to understand the behavior of superfluid den-
sity in quasi-1D (or anisotropic 2D). Moreover, we discuss
observability of the truly 1D superfluid density.

The length € of the pores used in the experiments is
around 300 nm, €=300 nm. It is *He atoms in the second
layer that form a liquid state, since the “He atoms in the first
layer form a solid phase and make no contributions to
superfluidity.'® Thus, the diameter of the pores is effectively
reduced approximately by 1 nm. Therefore, when the diam-
eter of pores is 2.8 nm,'0 the effective circumference is
around 6 nm. We are thus dealing with anisotropic 2D (or
quasi-1D) systems of size €, X €, with A=¢{,/€,=50. In the
limit of A— o, the energy necessary for global phase slip-
page to occur vanishes and it completely destroys superfluid
density at a finite temperature. At a finite A, the energy for
phase slippage remains finite and superfluid density can also
remain finite at temperatures much lower than 7T t. However,
we argue that the superfluid density observed in a torsional
oscillator experiment is not affected by phase slippage and
that is why it can remain finite at a finite temperature (com-
parable to Txr) as has been observed in the experiments.

The superfluid behavior in liquid “He can be well studied
using a ferromagnetic XY model.!" In Sec. II, we first study
ID and anisotropic 2D (quasi-1D) classical XY models to
clarify the characteristic behavior of superfluid density in
those systems. In Sec. III, we discuss the experimental re-
sults in the light of the results obtained in Sec. II and discuss
the possibility of observation of genuine 1D behavior of su-
perfluid density. Section IV is devoted to summary. In the
Appendix, we discuss the case with nanopores filled with
“He liquid.
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II. ONE-DIMENSIONAL AND QUASI-ONE-DIMENSIONAL
XY MODELS

We first map the “He system onto a spin system. It is well
known that a hardcore boson system can be mapped onto a
ferromagnetic XY model.!! In the mapping, we have to
specify the lattice constant d and exchange interaction J. It is
natural to assume that the lattice constant is comparable to
(or slightly larger than) the average particle-particle distance
in the boson system. Exchange interaction can then be esti-
mated by J=#?n/m (Ref. 11), where n is areal number den-
sity and m is the mass of a “He atom. Actually, we need not
specify the precise value of d because the value of d is not
necessarily relevant in studying the behavior of p, as will be
shown later.'? In the following, we put d=1 unless otherwise
stated.

First we study the 1D classical XY model

H=-J2, cos(6,, - 0), (1)

where exchange interactions only between the nearest-
neighbor pairs are considered. The total number of lattice
points is N=L,. Although the relevance of classical approxi-
mation in 1D may be questionable, we study this model be-
cause it is instructive for anisotropic 2D cases.

We are concerned in this paper with helicity modulus

Y1314 For a uniform twist of the phase 6/, 6/ — 6/ +®; with
®,=kx;, the free-energy density increases as f(k)=f(0)
+Af(k). Helicity modulus Y is defined as Af(k)=3Yk> and
has dimension [Y]=E/L%? in d dimensions. Conventionally,
it is related to superfluid density through Y = (h )2 MM Here,

we put suffix H.M. for later convenience (see Sec II). In
1D, we obtain!?

(1)
YT =YW =EW + 50, (2)

where
w1 ' '
BV =~ > cos(6,, - 6)) (3)

and

S(I)Z‘L£<[2, sin(0{+,—0{)]2>, (4)

where K=BJ=J/(kgT).

In 1D, p, must vanish at finite temperatures in the limit of
L,— e, but it remains finite for a finite L,. Now we study p;
in 1D for a finite L,. In considering the 1D chain, it is essen-
tial to take account of the possibility of global phase slip-
page. We rewrite the phase variable 6 as 6 =6,
+(27mn,i)/L,. The phase variable 6, satisfies 6,= 6,1, if the
periodic boundary condition is imposed. Then, the Hamil-
tonian is rewritten as
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H=-J2, [cos v, cos 56;—sin v, sin 56;], (5)
where 66,=6,,,—6;, v.=27n,/L,, and the partition function
7 can be written as Z(l):Z§1)<el>s, where Z§1)=ZE)£>Zj,1),

0

2
V=3 WL, (6)

=—00
ﬂx

f 11 @exp KE cos 50,-), (7)

1= gvi[Lx - 2 cos 50,~] - KVXE sin &6;, (8)
and (--+), stands for the average with Z\". Phase slippage
contributes to Z(l) but does not to Z, ), Slnce from Eq. (6),
it is clear that <n yocL./K, we have safely neglected terms of
higher orders of v,. In the limit L,/ K — o, the phase slippage
occurs freely, leading to vanishing Y. However, at K=L,
which is possible for finite L., Y!) can remain finite.

At low temperatures, K> 1, we can carry out spin-wave
expansion and obtain Z](]” =7(eQ) =75 where

2= T ﬂexp( E>) 60?), ©)

(Q)w=K= <5¢94)qw/24 L./(8K). We then obtain In ZM
~an( ~1nZ< wH D) w+O(1). As an and [ are quanti-
ties of o(1), they make only neghglble contributions to
In Z, but they have to be taken account of when calculating
averages with Z b,

Now, we calculate helicity modulus YV in the 1D XY
model. The first term E is readily calculated as

1 9lnz" 1

EW=— S (10)
L. JK 2K 8K*

Note that the phase slippage makes no contribution to E/V).
For S('), after a straightforward calculation, we obtain

S(1)=—Ks(1)+ s(l)—gs(2)+§s(1)2 +AS(1)’ (11)

where
g = 285002 +2Ks(1)° = 3Ks(1)s(2)
32
_ 8/K—16s(1) - 2Ks(2) + K’s(3) W
32K
and

(2mn,)* |*
s(k)=<{L—x] >ps. (13)

Here, we have used the identities X,;56,=0, (I, 502)
=L[1/K+1/(2K?)], {[2,6671%),=9L/K>.

At  K>L, s(k) vanishes exponentially, s(k)
=2[(2m)?/ Lx]ke‘z’TzK/LX, i.e., no phase slippage occurs, and
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SM=_1/(4K?). Thus, helicity modulus Y is given by

1 3

Y =1~
2K 8K%’

(14)

at K>L_. On the other hand, at K<L, s(k)=(2k—1)!!/K*
+6s(k), where &s(k)oc(L,/K)*e™/?K /K. Then, at 1<K
<L, we obtain SV=—-1+1/2K)+1/(8K?)+5V=—ED
+85W, where 85V is exponentially small. We finally have

YO = 55D = p-LJCK) < | (15)

at | < K<L,. In the limit of L,— 0, Y vanishes at any finite
K due to phase slippage. This is in perfect harmony with the
conventional wisdom.

The results obtained so far can be easily understood by
studying the correlation function C(i—j) defined by

C(i—j) =(cos(6] - 6‘;)) = <coszqu—(i_j)> (cos(6; = 6)),.
ps

X

(16)
It is easily shown that
< 27Tnx(i _])>
cos——————
Lx ps
i i
1- [1 _ COSM]e—ZWZK/LX, K> L,
Ly
LL(i=j)’
exp| — , 1<K<L,
2K\ L,
(17)

and that

|], K>1. (18)
2K L,

(cos(6; - 6))), = exp{

We can see that C(i—j)~1 at K=L, and decays exponen-
tially as |i—j| — at K<L,. Phase slippage is not necessary
for the absence of long-range order in 1D. Usually, it is Eq.
(18) that leads to absence of long-range order in 1D. How-
ever, for the destruction of helicity modulus, phase slippage
[Eq. (17)] plays a role.

The above analyses are confirmed by Monte Carlo (MC)
calculations. In the MC simulations, we used the Wolff clus-
ter algorithm.'® We typically carried out (1—4) X 10° mea-
surements after (2—3) X 10* thermalization steps. The peri-
odic boundary condition is imposed. Specific heat has a
weak peak at T=0.4J (Fig. 1); the position and the height
are insensitive to L. At L, =48, Y rapidly increases from
zero at T<0.2J and merges to a straight line, E(V=1
—1/(2K), at T<0.05J. When L, increases Y and SV shift
to lower temperatures, while E(") hardly shifts. These results
are in good agreement with the spin-wave analysis.

Now we move on to anisotropic 2D cases. In anisotropic

2D systems, we can define helicity modulus Y, along the x

direction and Yy along the y direction. They are explicitly
given by
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X;’i=Y,u=Elu+SM, L=X,Y, (19)
where

Eﬂ=i<2 cos(6;+ﬂ—6{)>, (20)
and

S, =~ LL<[Esm(a,w 9)}> (21)

where u is a unit vector along the u direction.

We rewrite the partition function Z by taking explicit ac-
count of the phase slippage. The phase slippage term Z, for
the 2D XY model is given by

)

Zps= E

nyny, =—00

e—(K/Z)[(Zﬂ-nx)z/A+A(277:1),)2] ) (22)

where A=L,/L,. When A= 1, the phase slippage along the y
direction is severely restricted as long as K=1/A."7 There-
fore, in a quasi-1D case, i.e., at A>1, we can safely put n,
=0, that is, neglect the possibility of phase slippage along thé
y direction. Then, the problem is reduced to the same one as
the 1D XY model except for the replacement of length L,
with the ratio A. There is, however, a crucial difference from
the 1D case. In 1D, finite Y!) at finite temperatures is ob-
tained only for a finite-size lattice, but, in 2D, finite helicity
modulus Y, at a finite temperature can be realized in the
limit of L, L,— < for a finite A.

At low temperatures K> 1, the spin-wave expansion is
valid, and repeating the same calculations, we obtain

1 1
E=1-—-— 2
x 4K 8K? 23)
and
2)  Ks(1)?
S, ——Ks(l)+— s(1) - S( ) Si) +AS,, (24)
where
AS - 2s(1)?+2Ks(1)* = 3Ks(1)s(2)
T 128
_ 4K -16s(1) - 2Ks(2) + K%s(3) . 25)
128K

At K>A, s(v) is exponentially small and AS, =—-1/(32K?).
Then, we have
1 5

Y, =1-—- . 26
* 4K  32K? (26)

On the other hand, at 1 <K K<€A,
Y, = <. (27)

In the same way as in 1D, Y, remains finite at K> A because
the global phase slippage is prohibited, but vanishes at K
<A due to the proliferating phase slippage. In quasi-1D, A

014501-3



K. YAMASHITA AND D. S. HIRASHIMA

FIG. 1. (Color online) Helicity modulus YV=EM+5M) in the
ID XY model of length L,=48 (dots) and 64 (squares). Dotted
curves are the results of spin-wave expansion discussed in the text.
Specific heat per spin is also shown. Error bars are smaller than the
size of symbols.

> 1, the phase rigidity is completely destroyed by phase slip-
page before nonlinear excitations such as vortices make a
contribution.

Figure 2 shows specific heat C and helicity moduli, Y,
and Yy, in the 2D XY models. In the isotropic case, A=1,
specific heat takes a maximum at 7=7,.==1.05/, and the he-
licity modulus has a (universal) jump at T=Tygr=0.9J."% At
A=1, Y,=Y,. This means that J/kg roughly corresponds to
the KT transition temperature Tkt of a 2D *He film of the
same density. When A deviates from unity, the peak in spe-
cific heat is reduced, but its position is almost unchanged at
T=T,=1.05J. Helicity modulus Y, slightly increases at T
> Txr, but Y, along the x axis rapidly shifts to low tempera-
tures. However, at the low-temperature limit, K>A, Y,
merges to Y, and reaches unity at 7=0. As is shown in Fig.
2(b), for a fixed value of L,, specific heat C and helicity
modulus Y are independent of L,, but Y, shifts to low tem-
peratures as L, increases (as A increases). On the other hand,
for a fixed value of A, helicity modulus Y, falls onto a com-
mon curve for different values of L, and L,, but specific heat
Cand Y, depend on L, and L, as is shown in Fig. 2(c). These
results for Y, are well explained by the spin-wave analysis.
In two dimensions, the spin-wave part (the second factor) of
the correlation function, Eq. (16), obeys the power law (in
the spin-wave expansion). It is clear that the softening of the
helicity modulus solely originates from the phase slippage
contribution.

III. COMPARISON WITH THE EXPERIMENTS

Now we discuss the experimental findings in the light of
the results obtained so far. The onset temperature 7' of finite
superfluid density found by Ikegami et al.” and Toda et al.'”
roughly corresponds to the KT transition temperature Tkt
=(m/2)(h/m)py(Txr)/ k= (/2)(fi/m)*p/ky. This is in
marked contrast to our finding: the onset temperature of Y,
in anisotropic 2D (A> 1) is much reduced from Txy. We then
have to clarify what is really measured or calculated.

This question has actually been discussed by several
authors.'*~2! Helicity modulus Y stands for the rigidity of a
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FIG. 2. (Color online) Helicity moduli, Y, and Y, and specific
heat C in the 2D XY model. (a) Lattice size is 160X Ly; L,
=160(A=1) (dots), 20(A=8) (squares), and 4(A=40) (diamonds).
(b) Lattice size is L,X8; L,=80(A=10) (dots), 160(A=20)
(squares), and 400(A=50) (diamonds). (c) Ratio A=L,/L, is fixed,
A=60; L,=240 (dots), 480 (squares), and 720 (diamonds). Error
bars are smaller than the size of symbols. Dotted curves represent
results of the spin-wave analysis.

system against infinitesimal phase difference between both
ends of the system and includes contributions from phase
slippage as was discussed in Sec. II. Although the phase
difference is infinitesimally small, the phase gradient, i.e.,
the superflow velocity, may not be small. Thus, in calculating
helicity modulus, we take account of states with finite super-
flow velocity. For pores of length €,=300 nm, the typical
superflow velocity v is vy=h/(m{,)~30 cm/s, which is
much larger than the velocity v,, induced by a torsional
oscillator.?> Typical frequency of a torsional oscillator is
1000 Hz and its typical amplitude is 1 nm. Therefore,
Vrorsion ~ 107+ cm/s<<v,.

Helicity modulus Y [or the superfluid density pi{'M' de-

fined by pt™ =(f/m)~2Y] is thus suitable for study of ther-
modynamic properties such as thermodynamic phase transi-
tion, but it is not necessarily the quantity measured in
dynamical measurements such as torsional oscillator experi-
ments. If the frequency is so small that w7<<1, then, it is
possible to observe pIS'I'M', where 7 is the relaxation time for
the superflow state. In the experiment where w7> 1, the re-
sponse to a given velocity vson is measured?® and the mea-
sured superfluid density p, is the coefficient in the increase of
free-energy density Af under a fixed superflow velocity, Af
=(1 /2)psvf. It is difficult to estimate the value of 7, but it is
reasonable to assume that w7> 1 holds in torsional oscillator
experiments.'??% Thus, the superfluid density measured with
a torsional oscillator is p,, i.e., the rigidity of a system
against infinitesimal phase gradient (not phase difference),
and is not affected with the phase slippage.
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1
keT/J
FIG. 3. (Color online) Helicity modulus Y, in a square lattice
L, XL, (L,=L,=40) part of which is replaced with n(=19) chains of

length €,(=20). Open squares stand for Y, without contribution
from the chains.

The above relation is explicitly discussed by Prokof’ev
and Svistunov?! and Melko et al.?? They derived the relation

27mn,)?
PR B
B

in anisotropic 2D.?* It is clear that p
sarily mean p,=0 and that p;= pé

M-=0 does not neces-
|<n2> _o- It is not easy to

calculate Y, with the additional constraint (n »=0, but as A
=L,/L, becomes small, (n?)—0 at K= 1. Therefore,

py=ptM(@A=1)=p"™ in 2D. (29)

That is why it was observed that T,~Tgr in the
experiment,”!% although the frequency shift of a torsional
oscillator was caused by 1D “He atoms.

It is possible that extrinsic effects such as strong random-
ness of the substrate may substantially reduce 7 and the con-
dition w7<<1 may be realized. In this case, the genuine 1D
behavior, i.e., the suppression of the onset temperature of
superfluidity, would be observed. In the experiments of Ikeg-
ami et al.® and Toda et al.,'° not only “He atoms adsorbed on
inner walls of pores, but also *He atoms adsorbed on outer
walls of grains contribute to superfluid density.>'? It is more
realistic to consider the situation where both a 2D film and
quasi-1D pores can contribute to superfluid density. In Fig. 3,
we show the temperature dependence of Y, in a square lat-
tice part of which is replaced with chains (see inset). There is
no direct interaction between chains. Helicity modulus rises
at T~ Tkt, where chains make no contribution to helicity
modulus. At T=<0.4J, the chains also contribute to helicity
modulus and Y, increases rapidly again. This is the behavior
of superfluid density that would be observed in an experi-
ment when w7<<1 holds. Indeed, quite similar behavior of
the frequency shift of a torsional oscillator has been reported
so far.? However, it is premature to draw any conclusion
about this.

Thus far, we have considered the case with “He films
adsorbed on inner walls of nanopores. Now, a preliminary
report of an experiment on liquid *He filling 1D nanopores
has been made.?® To describe this case, an anisotropic three-
dimensional (3D) lattice (a bar) L,XL,XL, with L,
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kBT/J

FIG. 4. (Color online) Helicity modulus Y, and specific heat C
in an anisotropic 3D XY model of size L, XL, XL, The ratio B
=L, /L2 is fixed, B=10, and L,=160 (open dots), 360 (open
squares) 640 (open diamonds), and 1000 (solid squares). Error bars
for Y, are smaller than the size of symbols.

>L,,L, is more suitable. In this case, helicity modulus Y,
also becomes soft due to phase shppage (n ) #0, at 1<K
<B=L./(L,L,). Presumably, it is not p5 , but p,, that is
observed W1th a torsional oscillator in this case, too. How-
ever, it is also possible to observe p?‘M' if the condition wr
<1 should be satisfied. Numerical results for classical XY
model on anisotropic 3D are given in the Appendix.

IV. SUMMARY

In summary, we have explicitly shown that the helicity
modulus in 1D or quasi-1D vanishes at finite temperatures
due to proliferating phase slippage and that the onset of su-
perfluid density observed in the experiments of Ikegami et
al.® and Toda et al.'® experiments can be explained if what
they measure is not the helicity modulus, but the rigidity of
the system against infinitesimal phase gradient. This clear
distinction of the two superfluid densities, p?‘M' and p,, is
unique in (quasi-)1D.?! It is highly desired that characteristic
behavior of p!™™- in (quasi-)1D is observed in experiments
and the distinction of the two superfluid densities is really
confirmed experimentally.
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APPENDIX: SUPERFLUID DENSITY IN NANOPORES
FULLY FILLED WITH “He

For study of superfluid density in a full-pore condition, an
anisotropic 3D lattice is appropriate. Here, we consider a
classical XY model on a lattice L, X L, X L, with L, > Ly, Ly
The relevant parameter is the ratio B= L /(L,L )(>1) In

contrast to the aspect ratio A in 2D cases, parameter B de-
pends on the lattice constant d. If we retain d, parameter B is
expressed as B=€.d/(€,f,)=€_d/s, where €, is the length of
the system in the u direction and s is the cross sectional area
of a pore. For a pore of length €,=300 nm and diameter a
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=2 nm, B=100d (nm)==30, when d=0.3 nm. In the limit
of B— o, helicity modulus Y, vanishes at a finite tempera-
ture due to phase slippage, but remains constant at K= B for
a finite B. In the bulk limit, i.e., in the limit of L,— with
the ratio L,:L,:L, fixed, B vanishes in proportion to 1/L,
and no phase slippage occurs.?!

Figure 4 shows the MC results for specific heat C and
helicity modulus Y, in the XY model of size L, X L, X L, for
a fixed value of B(=10). In the MC simulation, we use the
open boundary condition in the x and y directions and the
periodic boundary condition in the z direction. We also use
the staggered boundary condition in the x and y
directions,?2” which requires vanishing order parameter on
the boundary layer, and find that the results are very similar
to those obtained with the open boundary condition. Specific
heat C has a finite-size effect. Its scaling function was stud-
ied in Refs. 26 and 27. In the limit of L,,L,—%, C must

PHYSICAL REVIEW B 79, 014501 (2009)

diverge at the bulk transition temperature T)==2.20J.2% On
the other hand, Y, falls onto a common curve for different
values of L, and L, as is expected. In a torsional oscillator
experiment using nanopores filled with *He, one can mea-
sure the superfluid density p, without contributions from
phase slippage. One then expects that p, rises at around T
=T, if pores are immersed into bulk liquid *He. In their
experiments, Taniguchi and Suzuki?> observed rise of super-
fluid density at T=T) and also observed additional increase
(bend) at a lower temperature (~0.9 K). Whether this addi-
tional increase in p, is related to *He liquid in pores remains
to be seen. Here, we only mention that the relaxation time 7
of “He atoms may strongly depend upon the dimensionality
of the system and therefore observability of truly 1D behav-
ior may also be different in “He films adsorbed on inner
walls of pores and in liquid *He that fills pores.
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